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We construct the unitary evolution operators that realize the quantization of linear maps of SL(2, R) over phase 
spaces of arbitrary integer discretization N and show the non-trivial dependence on the arithmetic nature of N. 
We discuss the corresponding uncertainty principle and construct the corresponding coherent states, that may be 
interpreted as non-commutative solitons. 



1. The Heisenberg Weyl Group and its 
Consistent Discretization 

In gauge theories in the continuum the fields 
take values in the corresponding Lie algebra, 

A M (x) = A^(x)T a 

The theory is invariant under Lorentz transfor- 
mations and under gauge trasnformations. 

In lattice gauge theories the fields take values 
in the group corresponding to the Lie algebra 

U^(x) = exp(L4 M (x)) 

The continuous Lorentz symmetry is broken to a 
discrete subgroup-but the internal (gauge) sym- 
metry is preserved. Note that it is this feature 
that renders the study of lattice supersymme- 
try so non-trivial, since supersymmetry mixes 
Lorentz symmetry and internal symmetry in a 
non-trivial way. 

In quantum mechanics we consider functions 
that take values in phase space. These functions 
are valued in the Heisenberg algebra 



This algebra has only infinite dimensional repre- 
sentations, so discretization of the phase space 
does not preserve this symmetry. It is known 
since Weyl, however, that the exponentials of 
these generators, 



P = exp(ip) Q = exp(iq) 



(2) 



do admit finite-dimensional representations, that 
respect the group law 



QP 



- J2ir/N 



PQ 



(3) 



for an A— dimensional representation. 

The generators of the Heisenberg- Weyl group 
are the displacement operators 



Jr 



io r N s/2 P r Q s 



(4) 



[q,p] = ihi 



(i) 
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where (r, s) denotes the point on the classical dis- 
cretized phase space. 

The strategy will now be to write the evolution 
operator that realizes a consistent quantization 
of the classical motion. This will turn out to in- 
volve the arithmetic nature of the discretization 
in a non-trivial way. One thus hopes to extract 
non-trivial information, in the same way the con- 
tinuum limit of a lattice field theory is non-trivial, 
if a second order phase transition occurs. 
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In what follows we will highlight, through ex- 
plicit examples, the non-trivial TV— dependence of 
the evolution operator and indicate how one may 
also compute correlation functions. 

We will further construct a subset of states that 
are permuted among themselves by certain evo- 
lution operators and whose dispersion in position 
and momenta remain constant in time-they may 
thus be called solitons. They depend non-trivially 
on the discretization, N. Recent work seems to 
hint towards a close relation with the solitons of 
non-commutative scalar field theory Q. 

2. The Evolution Operator on a Discrete 
Phase Space 

We work on toroidal phase spaces, where a con- 
venient parametrization of the Hilbert space of 
functions is given by 



/(z|t) = c «e i7m T+27rinz 



(5) 



On these functions we define the action of the 
following operators 



S b f(z) = f(z + b) 

Ta.f(z) 



Jnra r-\-27Tiaz 



f(z + ar) 



(6) 



and we may easily verify that they realize 
an infinite dimensional representation of the 
Heisenberg-Weyl group. Taking periodic coeffi- 
cients, c„ = c n +Ar leads to an N— dimensional 
representation. 

Using the formalism set forth in refs. we 
obtain the operator, that realizes the quantiza- 
tion of the classical motion, i.e. the quantum 
evolution operator, in the form 



(7) 



where the indices k and I take the values 
Q,1,...,JV-1. 

The coefficients ^1,2,3 as well as the prefactor 
c/v(A) are fixed by demanding that 

U(A-B) = U(A)U(B) 

for all matrices A and B of SL(2, Zn) i.e. 
that they be a group representation; and 



J(r,s)AU(A) = U(A)J r<s 

i.e. that they enjoy the metaplectic prop- 
erty, (it is interesting to note that the sec- 
ond implies the first) 

We find Ax = a /(2c), A 2 = -1/c, A 3 = d/(2c) 
and cat (A) = r7Ar(l)crAr(2 — a — d)/N, where 

CTjy(a) = (1/v^/V) J2r=o W JV i s tne quadratic 
Gauss sumQ. All operations are taken mod N. 

3. Solitons on T 2 )Z N 

Let us now pass to issues of dynamics. The 
evolution operator acts on states and one is par- 
ticularly interested in studying their dispersion 
with time. An interesting classical motion is a 
dilatation, where a = 1/d and b = c = (mod 
N). Using the results of |||,|| it is possible to 
show that the corresponding quantum operator 
is proportional to 5k,k'a, i-e. a permutation oper- 
ator. We thus find that this classical motion leads 
to states that are non-dispersive in both position 
and momentum-they are solitons. All classical 
motions, whose matrix A S SL{2,1jn) is diago- 
nalizable mod N describe such states. An exam- 
ple, for N = Al + 1, is the classical rotation[|), 
since 



a b 
—b a 



V 



a-tb 






a + tb 



with 



and 



V 



1 1 



1 + t V -t t 



t = q l mod N 
where q is the generator of Z/Zat. 

4. Correlation Functions 

Using Gauss sum technology it is possible to 
evaluate correlation functions. Indeed, any oper- 
ator may be written as a linaer combination of 
the Heisenberg-Weyl group generators J r ^ s so, for 
integer values of the inverse temperature on may 
readily evaluate 



Tr[J r i 



Tr[[/(Ay 
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These computations are similar to the so-called 
number theoretic quantum spin chains studied by 
Knauf and collaborators 

5. Conclusions and Outlook 

Working directly in phase space, instead of con- 
figuration space leads to alternative quantization 
schemes, that go back to Weyl and Wigner. One 
advantage is the natural existence of finite di- 
mensional representations, that respect the group 
structure. While the continuum limit is a non- 
trivial one, as it involves resumming oscillating 
terms (cf. however ref. j?j]) the formalism holds 
promise of naturally including features, hard to 
describe by other approaches. 

An appropriate example is in the recent pro- 
posal for supersymmetry on a spatial lattice ||, 
where the lattice is indeed a phase space of a 
quantum mechanical system. 
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